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The laws of deformation of solids as well as the classifiocat-
ion of their basic types were alveady defined in the firxet half
of the last centizy. A dseper undexwtanding of thece laws has
then beer closely linked with technical utilisation or process-
ing of certain concxete materisls which are todsy subdivided
ascoxding to thelr deformation propexties in classes of real
watexials,

licet exteonsive claboruation has besn accoxded to the theory of
elasticity expresaing the hitherto nost exploited mechanical
propexrty cocmon to almost all solids. The theory of plestioity
the elaboretion of which has beoen for the most part sssociabed
with structurel utilisation and procesaing of wmetuls and which
has been finding new applications even in the domains of othex
Kinds &f materials, runks sscond in this respect. |
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cromolecular) substances as well as the need to unify the existing
f&ndimonmmhmmafvaﬂmwsmﬁmmandam
knowledge of the mechanical behaviour of those materials. The
prineipel paint in question is the theory of viscoelastiolty
which ensbles us 0 solve & great number of problems relating
to their use. From the point of view of mechanles, there exist
two aspects of such problems, mmmmmmmmmm

Thsphyaioalupootummeth»ryatmﬁmnenwmu
of wiscoelastic substansces intricately connected with the general
emammmmmatommamtmw
namios of irveversible processess’ 1/ ,/ 2/ . Frem this poiat of
view the mechanical properties ave described by the equaticns of
state of microprocesses, bub are not= barring exceptione- applio-
able to the solution of deformation states in bodies, Far more
frequent is the phencmenslogic approach when one deduces fram
ef simple states, the equations of
state of idealised substances which better satisfy the nathena~
tical methods employed in the solution of viscoelastlo problems
/3/'/;#/‘.

The present study deals with an analysis of the relations
that exist between the deformation charecteristios of real
noterials and the equations of state of idealized substances.
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ses taking place in a continubus quasi-homogeneous solid medium.
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ion of perfest elasticity of the solld phese, from the olassieal

theory of viscous flow, that of hnoosj

ressibility of the liguid
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aldomdle selaly for slow chenges in stress and styein-iew etes.
stanses known undex the neme of Voigh and Maxweil, starts fyea
nation s modelled By Voigh’'s sudstance 78/ , ps 89 and
deseribed by equation
o=

¥ (-§9 ,‘Z“P)/ (3X.2)

whexe J,' is the devistor of stress, (/' = the deviater of

stzein, C; <~ the devieber of strain zete, / =~ the time of
The homegenecus relaxation of Stress is modelled by Haxwell’s

substente /4/ 5 P90 and desarided by equation

256557+ 7 S5 4 (2.3)

where ./ nwm«mm liy - the sine of
stress yslaxation, A more genszel ease of sush relaxstien models
is the sevcalled "standart substance” desaxided by Zensy /3%/
with the aid of equation

2G5+ 56)= 55+ T35 (xz2.8)

which nodels & substence with Bomogensous inslasticitye
A sontridatien t6 further extension and dseper eladormtion of the




énd Alfrey who introdused the following equation for expressing
mmmamwmmmlvm”
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in which P snd Q are linear diffevential cperatexs
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'om 'a"s are functions of the times of relaxatica
mmmmammua.
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of analysis of those relations, Taylor’s series whioh is
ermwwmum
Zorm of polynemisls. The ssries can alsc De applied in the sense
umwuummmzuw
use in mechanios. For relatien 6‘»/(6) (Pig.1) desariding
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in Taylox’s series, expression "y
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the firet term of which gives the initial inhomogeneity ef
internal styusturel stresses, and the sesccnd - linear « tem




series, A similay relation f ;/\/ (F4g+2) holds fox
steady flow of visoous liquid; by expending it in Taylor’s
series wo obtain

F= 9+ ;7/0//\#' £ /// /%’/?‘ . (am.2)
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mum;m} bas the meaning of the coeffiocient of visco-
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be used but sporadically, .
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ge0us in that we know the qualitative approxinetion against realie
w;mmwmemmmwummn-
mmtmmuwnam‘-muummwmemv-
uaatﬁﬂf while cendition ¢/ holds for Newton’s law,
"0 approximation is slso conditioned by the remainder of
W-mmumxummmuaamm
stanoe are aless to the idealized ones,
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Tayler's series for the purpose of decomposing & oomposite
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from unaxial states of stress and strein and shall not consider
tensor relationships,
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by relation
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6= Flery, (x12e5)

fon € uwhich ahanges relative $o ¥ime in & nemmer that the
measuzed from the begiaming of styess Motion / -/ o 48
infinitely multivalusd. In osse of steady relaxation the length
ammuamwmm 7, o Chazesteristie
We shall expend the wight-hand side of eguation (IIX.3) in

Taylew’s sevies Lo ¢~/ « The expension yields fop
[/c/*/"“ Liy s & £ Wz’ y ‘é;f”’/ fﬂ, ‘(Zf? (XX
and for the differventials of the composits functiom we obtain
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mmm (XI1.9) in (I1T.4) we obtain eqwasion (XII.3)
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tally determined relationship. If we wish $0 carzy oub decenpoeid
1&&.Wmummwmmﬂ;
sxpressed tims from the equations. Sinse time appeess im the
pith powsr in those expressions, it 1s necessary $o introduse
A sssmptions that would imply 3 equations permitting us te
exolude the implisitly sxpressed time from oquasisom (XIL6).
mtummmwﬂmmam

we can write
éffcfﬁﬂff ma&

whexe (] mm»m:.mum:mmu
to whother A ww L is invelved, We shall now extend
WWWutumma.Mﬁm
tine inoresents of styein, introduss the following relaticns
twmm.~muwmx.s)

(7? v ;é"’////,;'” (111.8)
7=0

a4 istroduse them in equation (II1.6) which them gives '
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Bquation (II1.9) deseribes alresdy the model of rheologle
vedstionships (II1,3), and oonditions staved by equetiens (IIL.9)
snd (III.8) ave the cenditions of similavity. Moneover, eq.(IXX.9)
zetains the function for slastic deformsticn prepertiss and
through Ats intermedisyy the mutual sonnsstisn between physieal
with the tangsutial elastic modulus, ¥heologis guantitise of the
second oxdey with the eurvasuze of the deformation chamsatavistic,
In ordsr to obtain & lineer xbeologic model, in equation
(I11,9) must b linsar, which mesns 2 pextestly elastis mmbexial,
the sense of the decompositisn given by equation (I1I1.1)s henee
it must hold that |
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(I11.20)

o < a=ust De 61080 10 Nexe, i.e. the assunptisn of small
for a gensxel linsar relaxation model of sreay flow the follewing
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mué-ﬂ bhas the meaning of the modulus of elasticity, and
” mcamMnW:wemMuWMO
of visoous flows Multiples %, {;  give the coefficients of
viscosity pertinent %o thoss states. If kinematic couponents
highex» than the rate of strain

ade afay / (111.12)

do not come into effect in the yelswation piocsass, we odtaln
from (II1,11) the well~iknown eguation of Voigt's model of a
viscoelastic subatadwe

= E(er7E) (1I1.13)

b) In the sestions that fellow we shell study the behaviour
of a viscoelastie ligquid deserided Ly squation of state

& = &/5' ﬂ‘/, (111.14)

which is a generelisation of (IIX,2) if in the flow effect of
time is manifested in the same manney 68 in the case of solid
the deformstics Lehaviour of which we described by equations
(III.1) and (IIX.3)s Irrespective of the kind of strain, w
shall dencte the strein quantifies by © o and similarly,
stresses by O o Bouatien (II1.14) (Fig.d) deseribes the
properties of liquids which for a given external veloeity &
exhibit in a gezksia time intexval measured from the beginning
dﬁ«dyﬂmaua@hwlmof&nﬂmlmé.ﬁ/ .0
that the reMtion between - and O  1s infinitely multi-
in%t&W#(t yf ) + The time in the
mamn-mmmmmwg internal stress
also beucmes steady, is the time of relamaticne I£<C  exoseds
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we shall cawyy out desamposition of the right-hand side of
squation (II1.14) without devivasicn. On the basis of (IXI.6)
we obtain

€ = Gy + @[ﬁaﬂf* /5'7.)/ ﬂ// ?f/
o e i
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Analegously to (II1.8) we shall intyeduoe sssumpbion

i)
( 77) = &7, //" (XX1.16)
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and on introdunoing (IXX1.16) in (IIX.8) obsain
E= Gt m(z‘ﬁf-rmr’@“r Y
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Equatien (II1.17) sguin describes the rbeclogie behavieur
ummm.mmmxmm
quntitios (- eharasteristis of the i, Mum
liquid and the kinsmatis quantities ) \ﬁ'
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to (IIl.2) for 56‘ close to pexey 1.0, the assumption of low
rates of strain must be fulfilled, Under sush conditions the
following squatics holds for a linesr rhealogis model of viscoe
slagtic liquid
& = 4:’1 (?§'+’§?65:ﬂ 2e o
Gro “ 77/ (I1I.38)
-/

whore G“’"O mmmmmmwamcm-
of vissoeity, and L mmnmxummm
to the higher states of elastic deformations Multiples & I,
then express the moduli of elasticity of suoh elastis strein
states, If the effect of kinematic components higzher than the
rate of atyess

2 )

€=€s“.‘Frﬁa
’ (I11.19)

doss not oone inte play in the relaxation progess, we obtain
from (1I1,18) the egquation of Haxwell’s wodel of a viscoelastis
18quid |
&=t (0+56].
7 ' (111,20)

8) Substances that display the effect of previous stress
and strein in the procese of deformaticn, require further extens
ion of the theory of viscoslasticity. From the point of view
of the esssnce of the phenomenan, the sudstances in question
have properties of both 80lids - one csn make a test for cxeep(al
a8 woll as of liquids - one ocan toat thes foxr time vaviations
of the viacosity (b), The equation of state of sush & substanoe
can thexrefors be expressed either as the squatiom of solid (XII.}
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thet & dependenee of stvens J omd stamin < on She histoxy
of stross ©  andstmaia 18 fatmodused iz Yhem.
Stoess 077/ and stoedn <774/ ave gensmally chvained
thyough tranatormatien of equations (IIX.3) sad (IXX.28), &
for 11000x oases, threwgh solution of squatiens (IXI.11) and
(zn.uhum’ammmumm
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Cf,f,/ - ,/ ,/f/,x- yf‘/ el (X15.23)

F) = f.f"ef/fef‘"— 7 / eyt (322
are vavishle within the isterval of (7, 7/ . Tue equetien of
a%ate ean now be sxpressed as the eGution of solid (Fig.3)s

2= (é/ : (311.23)
or the egmatisa of liguid

& =), (3XZ.20)
of 80114 in whieh equatiens (IIX,21) and (IIX,22) sre Sutwedused,
Le0¢ /
I11.28)
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«hand side of (II1.23) expanaien in Teylew’s sevies and eonstiden~




6 = /; 4 7?/‘_ = (112,38)
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EfH) = /L‘C// - zﬂf ﬁ‘y'//,;."‘ ; (X1x,27)
1 #
——— .' / /‘; - v * 4
Ctt)=F &= 00 }y{/&lyzésé (1X1,28)
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and the equation of & visdoelastis substance of linesy ;epervies
is ovbained fyom (IXL.26) uMnuM“u

(I1X.27) and (1I1,28) )
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Tutegmis of the 10c% and sighihend side of (ITL,29) ave new
Wm',m . )
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Assuming for J< £ < I that
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intyreduoing moreover for small increments

/mv L A

mmmtm lors

= /)/(‘/r’— I P
“' (ZI1.38)

£, - (-ff b,

we obtain by intyeducing (I1X.30) and (I1I.31) in (xn.;zs).
equation |
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| which cm to Alfyey’s equation (IX.5). The M}a\@ of
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When evelving the equatien of vissselastis solids sad visse~
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rate of stoain. C. cwmdmif (for which the
firet yelaxation time 7 4s the fundamental experiwental datwn)
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+ £ we alne Flae for or them the curves of ( 77 )‘(
sscscvene ( ) (/ ) o dssesens 030, (Fige6)e The W
sides of equatiems (IV.1l) and (IVe2) now defise the yelamtion
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certain tine Lsterval, This means that the tws funetisme must
be affine, Sinee the numexetor oomtains functien ’  and
mkmnmmn:mmmw
rnthumnm oun(dd ~Cgez‘/
by always affine funotions .mmum::
ovideat frem Pig.S. in which the fizes and sescnd yelaxatien
times of a chosen mperinental curve for & visceslestic selid
mmmmmm«mw
vatives ave obbained eithey : '
the fundementel exsves o /%) ond fffj
Panctions O/ ana ﬂ@’mwwm
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fl ? due to wnit impulses
@/mm () aoting on the mavertel ia
_m(" A/ . Ty axe extadiisned trom ourves 2 5%

- end CfY/ wvith the aid of the followisg mlations (Fig.7)s

Oh-= 2, (g <l
WWMmmmmu
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The fast what all coeffisients of squations (IXI48)4(21X,.16),
ond (IIX.35) ave debarnised uwnequivosally frem experimsmtal
ouXves, provides the mecessery presequisites for slmidatien
of their physiesl neaning,




/1/ 8.R, @8 Groot, P, Masur - Nen~equilibrium thexmodynamics,

North-Helland Publishing Company
Anatexdan 1962, '

/2/ 1.Ge Michajlov, VA, Soloviev, J.Ps Symikev - Osnovy
nolekul jaynoj akustiki,
ed, Naukas, Moskva 1964

/3/ Rheology~Theory an Applicatioms,

edited by FuRe Volel,
Academic Press Inc., 14sheys,
Rew Yoxk 1956

/H A, Freudenthal, H. Geiringer - The mathematical theeries

s;,wu.v rlag, Be nn-e&ﬂn-
gon~ Helidelberg, 19§




